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I 

CALCULATIONS OF COMPRESSIBLE AVERAGE 
TURBULENT SKIN FRICTION 

By hfITCHEL H. BERTRAM 

SUMMARY j 3 I o 5 approtich to the calculation of bountlttry-layer 

Palculations have been carried out for a perject- 
gas flow to show the effect of a wide range of param- 
eters on the average skin friction on a $at plate in 
turbulent flow by the reference-temperature method 
(however, to some extent laminar flow was also 
treated). Some of the variables were Mach number, 
Reynolds number, and wall and free-stream tempera- 
ture level for ratios of speczJic heats of 715 and 513. 
The eject of the blunt leading edge was calculated by 
assuming that the turbulent boundary layer is 
growing in the reexpanded flow behind a normal 
shock at various free-stream Mach numbers. Anal- 
ogous to angle of attack, the pressure level on the 
plate was varied over a wide range to show the 
eject on skin friction for the plate with sharp and 
blunt leading edges. Relations which allow thp 
results to be applied to cones and wings of tapered 
plan-form were shown. 

INTRODUCTION 

I n  many cornputntions of the characteristics of 
hypersonic vehicles, a knowledge of the type of 
boundary layer (laminar, transitional, or turbu- 
lent) that exists over the vehicle is desired. In 
inost instances this information is not available a 
priori so that assumptions have to be made as to 
the state of the boundary layer. I n  general, the 
approach is taken that the type of boundary 
layer assumed is the one which gives the most 
conservative result. 

For the laminar boundary layer, the reference- 
teriiperature or T-prime method first proposed by 
Rubesin and Johnson (ref. 1) is a powerful 

1 A t  about the same time, however, a slmllarmodlficntlon to  the mcompres- 
sible formulas was proposed by Young (rcf. 3). 

characteristics because of its nccuriicy combined 
with relative siniplicity. The reference-tempera- 
ture approach has also been extended to turbulent 
boundary layers by Fischer and Xorris (ref. 2). 

The purpose of the present paper is to show the 
effect of wide vnriations in various parameters on 
the average skin-friction coefficient on flat plates- 
to some extent in laminar flow but mainly for the 
turbulent boundary-layer case. Monaghari’s 
reference-temperature equations for laminar (ref. 
4) and turbulent (ref. 5) boundary layers are 
utilized. In the development the nietliotl is 
validated by a comparison with more or less exact 
computations in the case of laniiriar flow t i r i d  with 
some of the more reliable test data in thc case of 
turbulent flow. 

SYMBOLS 

a,  b constmts in power law for skiti friction 
AI,  i12 ,  1, coefficients in refcreiice-teiit~,cratiire 

B Sutherland constant 
P 
( lf local skin-friction coefficient 
(lF avernge skin-friction coefficieii t 

equation 

coefficient in linear viscosity l t~w 

1 
M 
n 
NPT 
P 
Y 
r 
I2 
Re 

total length of plate 
Mach number 
exponent in power law for skin friction 
I’randtl number 
pressure 
dynamic pressure 
riiclius of cone 
Reynolds number 
Reynolds number based on momentum 

t hiclcness 
1 
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S reference area For skin-friction coefficients 
T absolute temperature 

Tc 

x 

P dynamic viscosity For Reynolds number 

Tm l t  U velocity CF=rr f 0, 

7 ratio of specific heats Tm 
C,"T7 c; 

distance along plate in flow direction 

wing taper ratio, ratio of tip chord to 
root chord 

P density 
7 local shear stress 
w 
Subscripts : 
c cone 
.fP flat plate @=I) 
2 incompressible 
1 total length of plate 
r adiabatic wall 
s sharp leading edge 
21, wall 

exponent in power law for viscosity 
I 

Iie=u- 
P m  

since 

n n d 

EVALUATION OF REFERENCE TEMPERATURE 

(4) 

X 
x tapered plate can be written 
a, static free-stream condition 

distance along plate in flow direction I n  general, the reference-tenlperature equation 

0 stagnation condition TI= A, Tw+ A, To+ A,  Tm ( 5 )  
1 

3 

I 

pressure over plate equals undisturbed 
or in ternis of wall temperature and Mach number free-stream pressure 

static conditions after expansion from 
conditions after nornial shock 

Primes denote parameters at refer- For the cornputations presented in this paper, 
the coefficients suggested by Monaghan were used elice-temperature conditions. 

REVIEW OF EQUATIONS 

RELATION BETWEEN REFERENCE-TEMPERATURE AND 
COMPRESSIBLE PARAMETERS 

The reference-temperature method was proposed 
as a means of expressing the results of compres- 
sibility on skin frictiorl in laminar flow (ref. I )  in 
terms of the incompressible formulas. This 
method, however, has also been used for turbulent 
flow. (See ref. 2.) In  the reference-temperature 
approach the fluid properties are evaluated a t  some 
teniperature which, to be useful, must be a single 
function of wall, stagnation, and stream ternpera- 
ture. If this temperature function exists, the 
skin-friction coefficient arid Reynolds number 
with fluid properties based on this temperature 
are identical to those given by the incompressible 
skin-friction equations. 

The basic relations between the compressible 
parameters tmd the same parameters evaluated 
at  the reference temperature are as follows: 

for both r=7/5 and r=5/3.  
For laminar flow (ref. 4) 

I AI= 1 -0.468AVp,"3 

A2=(1- -A,- 

J 
with 

Np = 0.7 5 ; A 1 = 0.5 7 5 ; A2 = 0.1 64 

For turbulent flow (ref. 5 )  

1 A1=0.54 

I A2=0. 142 

2 These values for laminar flow may be compared with those of Rubesin 
and Johnson (ref. 1) where AI=0.58 and .1z=0.15 and those of Young (ref. 3) 
where .11=0.55 and A2=0.16. 
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Y - 1  
2 where k=-- 2M2, and A3= 1- (A,+& for both 

laminar and turbulent flow. 
The reference-temperature ratio as a function 

of the Mach number parameter k for various wall- 
temperature ratios is shown in figure 1 for the 
turbulent case. The insulated-plate line in this 
figure represents the locus of the points for wall 
temperature equal to adiabatic wall temperature. 

INCOMPRESSIBLE SKIN-FRICTION RELATIONS 

For the laminar average skin-friction calcula- 
tions the Blasius equation was used where 

(9) 

I n  the turbulent case two different sets of equa- 
t'ions were used. One was the Karman-Schoenherr 
formulation for average and local skin frict'ion 

0 242 
-- ---log (C!,  iRz, i)=log @Re, i) (10) dcF, I 

0.242CF, c -  (1 1) "i-0.242+0.8686& 

A plot of these equations is shown in figure 2 .  
The Karman-Schoenherr relations accurately fit 
the incompressible data and the reader is referred 
to references 6 to 8. A range of Reynolds nurn- 
ber from about 6X104 to loQ is covered by  the 
experimental data. The main objection to the 
use of the Karman-Schoenherr formula is the fact 
that CF,t is not an explicit function of R2,,. 
Various interpolation formulas have been devised 
to remove this objection. One of the more recent 
suggestions is the set of equations proposed by  
Sivells and Payne (ref. 9) which accurately fit 
the Karman-Schoenherr relations in the range 
1 0 5 < ~ ~ . ~ <  109. 
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7-1 k 3 7 .\.I%. FIGURE 1.-The turbulent reference-temperature ratio as a function of the Mach number parameter k. 
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FIGURE 2.-Thc Barlnan-Schoe~~herr values for incompressible turbulent skin friction. 

0.044 R, , i  Re, i= (log I -? ,  i- 1.$* 

A comparison between the two sets of equations 
(eqs. (10) arid (11) and eqs. (12) and (13)) in the 
range 10*<R,,~<10~ is shown in figure 3, togethcr 
with the laminar Blnsius equation (9). This 
graph esterids the Sivells and Payne forriiulii 
below the value of Reynolds numbers for ~1-11icIi 
it was intended. Note that the local skin friction 
still agrees wcll with the I~arinaii-Schoerilierr 

equation but the average skin frictioll starts to 
deviate froin the I~nrni:in-Schoenherr equation 
by a significant amount tit the lowest Reynolds 
numbers. 

VALIDATION OF REFERENCE-TEMPERATURE 
APPROACH 

LAMINAR BOUNDARY LAYER 

A comparison has been niadc between average 
skin friction from the T' method and the Crocco- 
Van Driest coli1putiitions presented in rrfercnce 

FIGURE 
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10. This ;.ontp:irison of average skin-frictioti 
paraineters with wall temperature is shown in 
figure 4 for three hlach numbers (M,=O, 10, 
and 20). The T’ nicthod, in general, agrees well 
with the more or less exact Crocc.o-Van Driest 
valucs. The effect of dccroasing wall t(>tnperiiture 
increasing the skin friction is sliowti i i t  :ill JZacIi 
numlwrs. 

TURBULENT BOUNDARY LAYER 

In  the ciise of the  turbulcnt boundary liiycr 
soine‘of the avdtible skin-friction data in subsonic 
and supersonic flow ltave been used for comparison 
with computed skin-friction coefficients. How- 
ev(’r, the (qxriniental  points were transforined 
by tlie T’ c.qu:ttioiis so thtit a single conipnrison 
could bc Inade witli the incompressible results. 
Tlie viscosity law that was used in transforming 
thr results for iiir wtis tlie Sutherl:ind 1:iw and for 
helium, the power litw with an exponent of 0.65. 

A coinpnrison of average skin-friction tliitn by 
Chitpinan and Kestcr (ref. 11) with the inconi- 
prrssible fort1ldiis is sliown in figure 5 .  These 
data which mcrc obtaincd ovw i i  Rlach nunibcr 
range from 0.5 to 3.6 and transformed to the 
incornprcssible forin by the T‘ iiicthod iigree well 
with thc inconipressible curvcs. As can lw seen, 
however, these diita werc incasurccl tit T’ Rtytoltls 
numbers from ribout 1 OF to ;3 x 10’. 

I 

I 

I 
1.4 

c- 
1.0 

0 2 4 6 - .- 
2 

I O  

a 
bi 

6 

0 2 4 6 8 0 

FIc,r-~~~4.-Comparison bctwcen computations by the 
rcft,rencc-tcmpcrature and thc Crocco-Van Driest 
methods for laminar flow. 

(i539s2- (i2-2 

Figure 6 carries this comparison to the local 
skin-friction coefficient as a function of Reynolds 
number based on distance along the plate utilizing 
data from references 12 to 14. A greater body of 
reliable data are available in both air arid helium 
media nnd the lowest Reynolds number is about 
4 X  IO4. The agreement of tlie transformed data  
with the incompressible theories is good except 
perhaps for a fcw points a t  the lowest Reynolds 
numbers from reference 12 whose accuracy is 
suspect because the assumed origin of’ the turbu- 
lent boundary layer is approached too closely. 
Some additional data a t  a Mach number of 
about 9 in air were obtained by Hill (ref. 15). 
The Reynolds numbers for the investigation of 
reference I 5  were evaluated with the momentum 
thiclcness as the characteristic length. The trans- 
formed local-skin-friction data shown in figure 7 
average about 6 percent above the incompressible 
theories. The lowest equivalent Reynolds number 
based on x for these data is tibout 6X104 (as can 
be seen by comparing equivalent C,,% in figs. 6 

Overall, tlien, it may be said that tlie skin- 
friction data transforined to the incompressible 
planc according to the T’ f O r J I l U h S  show good 
general agreetnent with the incompressible sliin- 
friction equations (at least for values of Ti’ 
between about lo5 nntl 10’). Tlius, the reverse 
is iniplied; the T’ riiethod applied to the incom- 
pressible forinulas c:m be used to predict com- 
pressible results a t  least ovcr the limited Mach 
number rtmge where experirnctitul clieclcs have 
been made. Verification of the very high Mach 
number cdculat ions that  follow awaits experi- 
11 i en t a1 evidence. 

Values of 12’) the Reynolds nuniber evaluated 
at T’ conditions, can be lower than the order of 
lo4, that is, lower than tlie lowest Reynolds 
niiinbers available for experimental comparison. 
Shown in figure 8 are the T’ Iteynoltls numbers 
esprcssed as ratios to the actual Reynolds numbers 
over a large range of Mach numbers in both 
helium and air. Two wall temperatures are 
shown which are for practical purposes the 
extremes which are generally dealt with-a wall 
temperature of absolute zero and the insulated 
plate (adiabatic wall temperature). Especially 
with the adiabatic wall temperatures, if the free- 
stream Reynolds numbers are comparatively low 
and the Mach numbers high, the T’ Reynolds 

and 7). 
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FIGURE B.--Comparison of esperimcmtal results for compressible average turbulent skin friction i l l  refvrriice-1 ciiipcr:tturc 
form with iiicoiiipressible formulas. 

numbers can be well below the Reynolds numbers 
at which incompressible data have been obtained. 
Actually, as can be seen in figure 3 where the T' 
Reynolds number is below roughly IO4, the 
laminar skin friction becoiiles greater than the 
turbulent skin friction and it is assumed that the 
laminar values should be used. 
COMPUTATIONS BY REFERENCE-TEMPERATURE 

METHOD 
Based on the llonaglian refercticc-tempcraturc 

equations, calculations have been carried out for 
both laminar and turbulent average skin friction 
over a flat plate for both y=7/5 and y=5/3 over 
the Mach number range from 0 to 30 arid the 
free-stream Reynolds number range from lo5 to 
io9. For the calculation a t  y=7/5, the Sutherland 
formula was assumed to hold where 

Values of E/Tm were taken as 1.77, 0.50, arid 
0.125 to represent T ,  cqud 100" R, 396' R,  and 
1,584' R, respectively. The first static tenipern- 
ture is representative of the free-stream tempera- 
ture encountered in hypersonic ~vintl tunnels and 
tlic last two, of flight temperatures. The terriper- 
ature of 1,584' R mould be encountered at some 
angle of attack a t  hypersonic speeds. For the 
calculations a t  y= 5 / 3 ,  the power forniula for 
viscosity was used by which 

AVERAGE SKIN FRICTION A S  A FUNCTION OF MACH NUMBER 

Calculations have been made for the average 
skin-friction coefficient a s  a function of Mach 
number for both the insulated plate and the plate 
with zero wall temperature. The results of these 
calculations are shown in figures 9 and 10. Figure 
9 is for the insulated flat plate with values of 
Reynolds number from IO5 and IO9 for both 
laminar and turbulent flow. The average skin- 



7 CALCULATIONS O F  COMPRESSIBLE AVERAGE TURBULENT SKIN FRICTION 

FIGURE 6.- Conipnrison of espcrirncwt:tl r(wilth for compre\sihl(s local turbulent skin friction i n  rcf(,rr,ncc-tcrnpcraturc 
form with incoriipressible formulas. 

FIGURE 7.-Coniparison of experimental results for 
compressible local turbulent skin friction in reference- 
temperature form with incompressible formulas utilizing 
Reynolds number based on momentum thickness. 

friction coefficient is presented in the form 
CFICF,, where CF,t is the average incompressible 
turbulent skin-friction coefficient a t  the Reynolds 
number of a particular curve. The incompressible 

turbulent reltktion (eq. (12)) was used for all the 
turbulent computations in this figure. E’igurcs 
9(u) to 9(c) arc for -y=7/5 a t  the three static 
temperatures and figure 9 (d) is for helium. ‘I’hc 
same conditions apply to figure 10 except that 
the crLlculatioiis are for a wall tcmperutnre of zero 
absolute. The familiar effect of :L lnrgc tlropoff in 
turbulent skin-friction coefficient wit ti increasing 
LMach number is evident in all these plots together 
with the relative insensitivity of laminar slrin- 
friction coefficient to Mach number. In addition, 
when figures 9 and 10 arc compared, the turbulent 
skin-lriction coefficient is found to show a much 
greater increase in skin friction with decreased 
wall temperature than docs the ltminar skin 
friction. The effect of Reynolds number is gen- 
erally sniall unless large ranges of Reynolds 
number are considerccl. 

In  order to facilitttte an evaluation of the effect 
of static-temperature level and a comparison 
between air and helium, the curves for a Reynolds 
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L'm 

FIGERE t(.-Rntio of rc,f~.reiicc-t(.inperatun, 11vyiiul(l- 
iiumber for tiirhulcnt flow t o  coiiipresible free-streaiii 
Ileynolds nuinher a? x function of l l a c h  number f o r  
air ar id  helium. 

number of lo8 froiii figures 9 aiid 10 1mre been 
included in figure 11. This graph s h o w  a larger. 
effect of free-streani teinperature level on skin 
friction in laniinar flow than in turbulent fIow, the 
relative effect not being affected much by wall 
temperature. 

For laminar flow figure 11 sliows that C> is 
roughly equal in air and helium for a static. 
temperature of about 400' R a t  the same Micli 
number. For turbulent flow, however, the vdue 
of C, in lieliuni is considerably below that in air 
but is roughly equal to that  in air for the same 
value of k or . l~*hel ,um/-2~~, , , -0 .775.  This result 
was shown previously in reference 16; however, 
in those results no effect of Reynolds number on 
the ratio (k /PFsz  \vas found since the power law 
for skin friction wis utilized. (See figs. 9 antl IO.) 

(Compare figs. 1 1  (a) ant1 11 (b) .) 

AVERAGE SKIN FRICTION AS AFFECTED BY WALL 
TEMPERATURE 

The preceding presevtwtion has stiomn the effect 
of Mach iiuiiiber on the iiveriige skin friction for 
the insulated plate and for the case of zero wall 
temperature. There is a significant difference 
between these two cases for turbulent flow; thus, 
i t  appears iiiiportant to deterniine skin friction 
as a fuiictio'i of will teniperature. Calculations 
mere made for a few values of Mnch number for 
both air antl heliu~ii. The results for turbulent 
flow are shown i l l  figure 12 for R,,,=lO* and 
T,=100' R in air. (Refer to fig. 4 for the effect 
of wall temperature in laminar flow.) The skin 
friction a t  the mall temperature T,  is shown in 
ratio to the skin friction for an insulated plate 
and plotted against the ratio of wall temperature 
to insulated-plate temperature. There is, in 
gcncrnl, a much greater efTect of a change in wall 
temperature a t  very low wall temperatures than 
when the wall temperature is close to tlie adiabatic 
value. The results of the air and helium calcu- 
lations are much the same. 

Calculations were also made to evaluate the 
effects of free-stream temperature level and 
Reynolds number a t  various mall-temperature 
levels. These calculntioiis for 7 = 7 / 5  are plotted 
in figure 13. The free-strenm temperature level 
has only a small effect on the skin-friction ratio 
plotted. The effect of Reynolds number is not 
judged to be important. 

EFFECT OF CHOICE OF TURBULENT INCOMPRESSIBLE 
SHIN-FRICTION LAW ON COMPUTATlONS 

The curves in figures 9 to 11 were computed 
by using the incoinpressible turbulent relation 
of Sivells and Payne (eq.  (12)). In order to 
deterniirie how much effect this choice of law 
might have as compared with tlie I<arnian- 
Schoenherr law (eq. (10)) saniple computations 
mere irinde by  using equation (10) and were 
coriipared with those made by using equation (12). 
The result is shown in figure 14. The results 
obtained by  the two methods are practically 
identical except at the highest Mach number 
for each value of Rm,= corresponding to values 
ol 12; of roughly lo4 (see fig. 8) where cli by the 
two formulas depart from each other (see fig. 3).  
Even a t  its worst, however, tlie deviation between 
the two computations shown in figure 14 is not 
Iwge. 
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(a) r=7/5 (air); T,=lOOo R. 
FIGURE S.-Ratio of compressible average skin friction to  turhulrnt incompressible arerage skin friction as a frinction of 

Mach iiurnher. 1nsulatc.d plate. 
1 



Ma3 

(b) 7=7/5 (air); T,=396" R. 
FIGURE 9.-Contiiiued. 
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( c )  r=7/5 (air); T,=1,584' R. 
FIGURE 9.-Coiitinued. 
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Mrn 

(d) -y=5/3 (helium); 0=0.65. 
FIGURE 9.-Concluded. 
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(a) y= 715 (air); T, = 100' It. 
FIGURE 10.-Ratio of compressible average skin friction to  turbulent ir ico~npr~ssibl(~ :iveragc skin friction as 

a function of Mach number. T,=O" absolute. 
653982-62-3 
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v 

M, 

(b) 7=7/5 (air); T, = 3 9 6 O  R. 
FIGURE lO.-Continued. 
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(c) 7=7/5 (air); T,=1,584’ R. 
FIGURE 10.-Continued. 
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2 

.2 

I 

.OE 

.04 

.02 

.o I 

Ma 

(d) 7=5/3 (helium); 0=0.65. 

FIGURE 10.-Concluded. 
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I (a) Insulated plate. 

FIGURE 11 .-Ratio of compressible average skin friction to  turbulent incompressible average skin friction for y=7/5 (air) 
at various free-stream temperature levels and for 7=5/3 (helium). R-, J= 108. 
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MCo 

(h) T,=O" absolute. 

FIGURE 11.-Concluded. 
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J w / G  

FIGURE 12.-Effect of n all triiipcbr:tturc on average turbu- 
lent skin friction for various hl:tch nurnb(nr5 in the 
rangc from 0 to 30. I<,,.=109; air (T,=100" R) :tnd 
helium. 

It should be mentioned that the objection to 
use of the Karman-Sclioei~herr formulas of CF,(, 
being noiiesplicit in terms of I?,,,, was rcnioved 
for practical purposes when i t  was found that 
reference 7 contained a table of the Knrman- 
Schoenherr values of CF,*. These tabulated values 
are given in increments of fix,% of 0.01 X lorn where 
m varies from 5 to 10. This table, however, was 
not discovered until a large number of the com- 
putations had been done. Reference 7 also 
contains a good comparison of a number of 
proposed incompressible turbulent skin-friction 
laws. 

Because of its inherent simplicity, the power 

3 

2 

I 

Effect of freestream temperature 

FIGURE 13.- Effect of w d l  tcrnpwiturc, frecL-strc,:tm 
tcmperaturc,, and Ilc~pnolds nnmher 011 :ivrragc' turbu- 
lent skin friction a t  various Mach nurnl)ers in air. 

FIGURE 14.-Effect of utilization of two different turbulent 
incomprcssible average skin-friction formulas for com- 
puting compressible skin friction by the referencc- 
temperature method. y = 7/5 (air) ; T,= 0' absolutc ; 
T, =396O R. 
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law for skin friction is often utilized as an aid to 
rapid calculations and evaluations of theoretical 
trends. For example, a comparison of the 
turbulent skin friction of air and helium was made 
in the previous section and i t  was pointed out 
that the present analysis gave much the same 
result as that obtained in reference 16. However, 
reference 16 uses the considerably simplifying 
assumption that the power law holds for turbulent 
skin friction where 

CF ,,= al?: ,, (17) 

and the value of n was assumed to be -1/5. 
I t  is of interest to examine the values of n which 
are given by  equations (10) to (13). In  this 
case the local values of the exponent n will be 
examined since these values are relatively simple 
to obtain analytically. 

For any function (for example, , f(z)) the local 
value of the exponent in a power-law fit to the 
function may be expressed as n=3Cfl(z)lf(x). 
Thus for the I(arn~aii-Schoenherr relations (eqs. 
(10) and (11)) 

and for the Sivells and Payne relations (eqs. (12) 
and (13)) 

(21) 
0.8686 log R ,  f+2.435 

(log R ,  i--1.5) (log R ,  i-2.3686) n ( C ,  J = - 

Examination of figure 2 indicates that  the local 
value of n a t  a given Reynolds number allows 
a fairly accurate power-law fit to more precise 
turbulent laws for about one decade in Reynolds 
number on either side of the given Reynolds 
number. A graph of equations (18) to (21) is 
shown in figure 15 in which the inverse of n is 
shown in order to deal with integral numbers 
rather than fractions. Most evident is the result 
that the local value of l/n can vary markedly 
from a value of -5; thus, large variations in 
Reynolds number can cause appreciable errors in 
analyses which assume a constant value of n. 

EFFECT OF NORMAL SHOCK AT LEADING EDGE ON SKIN 
FRICTION 

For actual use a t  hypersonic speeds most wings 
would be blunted. If sollie simplifying assunip- 
tions are made, the effect of this blunting can be 
assessed. I n  the calculations the boundary layer 
is assumed to be growing in a uniform flow which 
has undergone P, normal shock after which i t  has 
been expanded to conditions designated 3. Under 
this assumption the Mach number outside the 
boundary layer may be readily found. With the 
assuniption that the undisturbed free-stream 
Macli number Mm> 1, t he following siniplificd 
equation is obtained for the Mach number M3: 

122) 
For 7=7/5, 

For 7=5/3, 

and M3=1 where 

The values of &I3 given by equation (22 )  are 
shown in figure 16 for r=7/5 and r=5/3 where 
M3 is plotted as a function of the parameter 

Even though equation (22) is based or1 MZ, 
the assumption that Ai!,~l, the error in L%43 is 
only about 1 percent a t  a value of M ,  as low :is 
3 with plp,=l. 

I n  a similar manner the local Reynolds n u n ~ b e r  
may be obtained. Again with Jl,>>l and i~ 

normal shock, after which there is an expansioii 
to conditions 3, the following relation is obtained: 

Results from equation (23) utilizing equation ( 2 2 )  
for M 3  are shown in figure 17(a). 
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F I O ~ ~ R I , :  15.--Local valnc of the inverse of t he  exponent in a power-law fit to  the turbulent incompressible skin-friction 
formulas. 

For iLir whercl tlic Sutherlancl viscosity equation 
~ ~ 1 1  represents tlic :iv:dnble data, then equivalent 
to equation (15) 

In lieliu~il the viscosity is bettei- reprcsetited by 
a power law 

(25) 

wliich to t,he tipprosiiiiation cinploycd inny bc 
mrittjeti :is 

so that with equation (26) the Rey11olds iiurnlwr 

ratio (eq. ( 2 3 ) )  becoincs 

If one desired, this relation could be applitd to 
air also, since the equivalent exponent w in air is 
given by (see appendix D, rd. 17) : 

Values ol' w for air are given in figure 20 of reference 
16 and were obtained from experimental data 
and equation (28). If the linear f'ormul:i for 
viscosity is used, 

or, in terms of W ,  combining equations ( 2 5 )  
and (29) gives 

C= (T3/T,) w-l 
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FIGURE l S . - ~ I a c h  niinibr~ :tfter cxxpansion from conditions after a norm:tl shock ab a fullction of the hypersorlic corw1:rtion 
parameter. 

With equation (29) and the sniiie hypersonic 
approximation as for equation (26), equation 

In terms of the Sutllerltlntl for111~11~ (ecl. (24) 
with eq. (29)), the coefficient c is 

(23) may be written as u 
(31) 

,=- I+,- 

Equation (27) for heliurn with w=0.65 and 
equation (30) for air are shown in figure 17(b). or to the same approxinlation as the powei*-hw 
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(a) Unit mass-flow ratio. 

FIGURE l'i.-Reyiiolds number (or unit mass flow) 
paramctcr aftcr e1p:tnsion from conditions aftcr a 
normal shock as a function of thc hypvrsoiiic corrvlittion 
pnramcter. 

formula (eq. ( 2 6 ) )  

I t  must be mentioned here that the accuracy 
of equations (26), ( 2 7 ) ,  and (32) is not as good 
as that for M3 in equation ( 2 2 )  so that calcula- 
tions based on these equations should be restricted 
to Mach numbers great'er than about 5 .  

If the local Mach number M, and the local 
Reynolds number R3 tire known, the charts 
presented in figures 9 to  13 may be used to 
determine the average turbulent skin-friction 
coefficient over the plate behind a blunt leading 
edge. The boundary layer is assumed to be 
immersed in a high-entropy layer due to a normal 

shock a t  the leiding edge. Also the case of the 
sharp-leading-edgc flat plate a t  angle of attack 
may be evaluated. I n  the following calculations 
pressure gradients have been ignored but rather 
than restrict the calculations to the two-dimen- 
sional deflections the coinputations wcre carried 
out in terms of pressure ratio. In  the nornial- 
shock case, the local Mach number equation 
( 2 2 )  (fig. 16) was used; for air the local Reynolds 
number equation ( 2 3 )  (fig. 17) was used with 
equation (24) whereas for helium tlie local Rcyn- 
olds number ratio was taken from equation 
( 2 7 ) .  For the sharp-leading-edge case (oblique 
shock), any of the available charts or tablcs 
could be used to obtain local properties. (See 
refs. 18 to 20, for example, or the well-known 
oblique-shock equations.) 

In  order to utilize figures 9 to 13, CF/CF,t 
is read as CF,s/CF.t, 34, as 3J3,  arid R ,  11s R,. 
With CF,z evaluated a t  R3, CF,3 is then found but 
n t  local conditions 3 .  Then in terms of free- 
stream conditions 

( 3 3 )  

An example of thesc calculations is S~IOMTI in 
figure 1s. Here the pressure over the plate 
is assunied to be equal to the undisturbed free- 
stream pressure ( p j p ,  = 1 and R, ,2= lo8). The 
skin friction for the blunt case is shown with 
respect to that lor the slinrp case a t  the equivalent 
wall temperature. A considerable decrease in 
skin friction due to the normal shock at the lending 
edge is sliown. This decrease in skin friction is 
larger for air than it is for helium. The effect 
of undisturbed free-stream temperature level on 
thc air results is negligible for all practical pur- 
poses. The greatest effect of the blunt leading 
edgc is found a t  the lower Mac~li numbers, and 
the effect of leading-edge blunting decreases 
as the Mach number increases and is more 
pronounced a t  T,=O than for the insulated- 
plate case. 

,4n obvious extension of these calculations is 
to the case where the surface pressure ratio is 
other than unity. The approach in this case 
is the same except for the changed surface pressure 
which is again constant over the plate. The 
effect of pressure level on the average skin-friction 
coefficient in turbulent flow is shown in figure 19. 
Values of y==5/3 and 715 were used, as for previous 
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calculittiolis, itritl mall temperatures cxmxy)oiidiiiy 
to the insulitted plate arid absolute zero \\-ere 
chosen a t  a free-stream Reynolds nuriiher of' IOh. 

The results intliciite that for tlir oblique-shock 
(sli:irp-le:idiiig-cd~e) ciisc t Iic skin frictioii varies 
:is the pressure ratio to about the O . i i  power iintl 
for tlie iioriiiiil-shock ciise, to about tlie 0.68 
power a t  the lower pressure rtttios for e:icli lIii(-Ii 
number. Howwer, the skin friction crcntu;illy 
reaches a peitk iind then tlccreiiscs with furtlicr 
increases in pressure. The iiiiisiiiiutii skiti frictioii 
occurs :it about the viilue of pressure ratio over 
the plate where p i p m  - J 1 2 / 2 .  7'he t1ecrc:ise in 
skin friction due to the noriiiiil s1iot.k is miinifestcd 
a t  all pressure ratios but tlie effect of t h n t i n g  oil 

skin friction incre;iscs tis tlie prcssurc ratio iii- 
creases ;is indicated by the  powers for t lie slrin- 
friction-pressure-riitio depeii(1enw cited prcvi- 
ouslj-. For the oblique-shock (sharp-letitlingr-edgc) 
case the curves of the skin-friction ratio for tlie 
same Mach number arc very much the same for 
the different d l  teiiiperatures and ratios of 
specific heat investigated. The effect of unrlis- 

tcwpcr:iturc> WIS invc1stjg:itetl 
be ncgligiblc i t t  all pressure 

ratios (as for tlic c:ise where the pressure ratio is 
ik:iiitj- prcseiitccl in fig. 18). 

It is well to point ou t  before leaving this effect 
of prckssure ratio that ncither bouncl:iry-l:iyer- 
tlisplaceinrnt effects nor the. pressitres induced by 
i i  blunt leiitling cdge hiire 1)eeii consideretl. 
Boulidtir--l;ij-cr self-iiiducetl e f fec ts  in hypcrsoiiic 
flow 11:ive been estcnsivcly investigtitcd in 1iiniin:ir 
fiow (for cs~iiiiple, see refs. 1 i  :ind 21) but not to 
m y  greiit extent in turhulcnt flow. The bound- 
:iry-l:iyer displacctiierit effect in turbulent flow 
Iias been corisidercd by llonaghnn. (See ref. 5.) 
His calculations indicated tha t  the pressure grtidi- 
cnt dp/dx was snialler in turbulent, flow th:in in 
laiiiinar ffow; thus, the niain effecb map be ti 

(.hiinge in overall pressure level on the pltite. 
Based on the cnlculations presented in figure 19, 
such an increase in pressure could have a significant 
effect on the skin friction a t  the lower pressure 
ratios (corresponding to low angles of attack). 
The blunt leading edge in h>-personic flow can 
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FIGURE 18.-Ratio of average skin friction on blunt- 
leading-edge piatc t o  skin friction on sharp-leading-edge 
plate as a function of Mach number. Pressure on 

undisturbed free-stream pressurc. Rm, == log; air and 
helium. 

I both sharp- and blunt-leading-edge plates equal to  

cause l u g e  increases in pressure over extensive 
distiinces on a plate. (See, for exmriple, ref. 22 . )  
The bluntness-induced effects, however, will be 
considerably reduced if the leading edge is swept. 
(See ref. 21.) Because of the pressures induced 
by leading-edge blunting, the clecreasc in skin 
friction due to leading-edge blunting a t  a given 
pressure ratio (figs. 18 and 19) will probably not 
be realized in the practical case, a t  least, a t  low 
angles of attack. 

APPLICATION OF RESULTS TO CONE AND 
TAPERED PLATE 

I AVERAGE TURBULENT SKIN FRICTION FOR A CONE AT ZERO 
ANGLE OF ATTACK 

The differential shearing force on a cone whose 
, geometry is shown in the following slietcli is 

or expressed in integral form and normalized 

where S is the surfwcc area of the cone. 

.A 

(35) 

By utilizing Van Driest's rule for the local 
turbulent skin friction on a cone (ref. 23) with 
the power law, the local skin-friction coefficient is 
given by 

C,,=b (2y ( 3  6) 

Substitution of equation (36) into equation ( 3 5 )  
and integration yield 

Q l - n  

For a flat plate the differential shearing force is 

or when expressed in integral form and normalized 

(39) 

In this case the local skin-friction coefficient is 
given by 

cf.fP= (40) 

and substitution of equation (40) into equation 
(39) and integration yield 

where b/(l+n) is the same as t'he coefficient a in 
equation (1 7). 



T E C H S I C A L  R E P O R T  R-12  3-KATIONAL AEROXAUTICS ,4XD SPACE A D M I N I S T R A T I O N  

(a) r=5/3 (helium); T,=T,. 

FIGURE 19.-Effect of pressure level on average skin friction on one side of sharp- and blunt-leading-edge flat plates. 
At  a given Mach number the  upper curve represents the  sharp-leading-edge case; the  lower curve, the  blunt-leading-edge 
case. R,,,=10*. 



~~~~~ ~ ~~ 

CALCULATIONS OF COMPRESSIBLE AVERAGE TURBULENT SKIN FRICTION 27 



28 TECHNICAL REPORT R-12 3-NATIONAL AERONAUTICS AKD SPACE ADMINISTRATION 

“E .I ,/ 
.06 E 

I I I l l 1  I l l  
3 1,000 

(c) r=7/5  (air); T,= T,; d(,=20. 

FIGURE 19.-Continued. 
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(d) y=7/5 (air); T,=O" absolute; M,=20. 
FIGURE 19.-Concluded. 

29 

Oblique shock 
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The ratio of the average skin-friction Coefficient 
on a cone to that on a flat plate for the same 
Reynolds number based on length and the same 
local conditions is thus given by the ratio of 
equation (37) to equation (41) 

This result is plotted a t  the top of figure 20 and 
shows that for all practical purposes the average 
turbulent skin friction on a cone is the same as 
that, for a flat plate essentially independent of the 
exponent in the power law for turbulent skin 
friction. This result may be compared with that 
from laminar flow where 

AVERAGE SKIN FRICTION FOR A TAPERED PLATE 

It can be shown from the results of appendix 
D of reference 17 that, if streamwise flow on the 
surface is assumed and the skin friction along any 
longitudinal element of the triangular planform 
plate is assumed to be given by a power law (eq. 
(17)), the ratio of the skin-friction coefficient on a 

n-1 

FIGURE 20.-Ratio of average turbulent skin-friction 
coefficient on a cone and a tapered plate t o  that on a 
flat plate where the Reynolds number is the same base,? 
on length or root chord, as the case may be, as a func- 
tion of the inverse of the exponent in the power law 
for skin friction. 

triangular plate to that on R flat plate (local 
condit,ions the same) is given by 

(43) 

where the Reynolds number based on t,lie root 
chord of the triangular plate is assumed to be the 
same as that based on the chord of the flat plate 
and the pressure is constant over the plates. 
Whereas the previous development for a cone is 
only applicable to turbulent flow because of the 
limitation imposed by equation (36), equation 
(43) is applicable to laminar flow as well. With 
an approach similar to t8hat in reference 17, a 
more general expression for skin friction may be 
obtained which applies to any wing of tapered 
planform with tips cut off parallel to the stream 
direction; that is, 

(44) 

where the Reynolds number based on the root 
chord of the tapered planform plate is assumed to 
be the same as that based on the chord of the 
rectangular flat plate. A plot of equation (44) 
is shown a t  the bottom of figure 20. The greatest 
increase in skin-friction coe5cient for a tapered 
plate is found in laminar flow (n-'=-2). From 
figure 15 note that, for turbulent Aow, values of 
n-' from a b m t  -3 to perhaps -7 or -8 are of 
interest. Over this range of n-l the increase in 
skin-friction coefficient for a triangular plate 
(X=O) is not large (an increase by a factor of 
about 1.2 down to 1.07) so that an average value 
of, say, 1.1 for the skin-friction coefficient ratio 
should suffice over a considerable range of 
Reynolds number. Similarly, average values for 
practical use can be arrived at  from figure 20 for 
other taper ratios. 

CONCLUDING REMARKS 

Calculations have been carried out for a perl'ect- 
gas flow to show the effect of a wide range of 
parameters on the average skin friction on t t  flat 
plate in turbulent flow by the refei-ence-tempera- 
ture method (however, to some extent laminar 
flow was also treated). Some of the variables 
were Mach number, Reynolds number, and wall 
and free-stream temperature level for ratios of 
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specific heats of 715 and 513. The effect of the 
blunt leading edge was calculated by assuming 
the turbulent boundary layer to be growing in 
the reexpanded flow behind a normal shock a t  

on skin friction for the sharp and the blunt leading 
edges. Relations which allow the results to be 
applied to cones and wings of t,apered planform 
were shown. 1 

I various free-stream Mach numbers. Analogous LANGLEY CENTER, 

, to angle of attack, the Pressure level on the plate NATIONAL AERONAUTICS AND SPACE ADMINISTRATION. 
was varied over a wide range to show the effect LANGLEY STATION, HAMPTON, VA., August 2, 1961. 
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